Abstract. In this article we describe the summit sets in B 3 , the smallest element in a summit set and we compute the Hilbert series corresponding to conjugacy classes. The results will be related to Birman-Menesco classification of knots with braid index three or less than three.
Introduction
The 3-braid group B 3 admits the following classical presentation given by Artin [1] :
(1) B 3 = x 1 , x 2 : x 2 x 1 x 2 = x 1 x 2 x 1 Elements of B 3 are words expressed in x 1 , x 2 , x −1
1 and x −1
2 . Words expressed only in x 1 , x 2 are called positive words and the set of all these is denoted by MB 3 . Garside [8] proved that MB 3 also admits the presentation (1) as a monoid.
The solution of conjugacy problem in B 3 was reduced [8] to a problem in MB 3 . The element ∆ 3 = x 1 x 2 x 1 in MB 3 is called the Garside braid. The set MB + 3 = MB 3 \ ∆ 3 MB 3 is known as the set of primes to ∆ 3 . Elements in B 3 admit a unique Garside normal form ∆ r 3 W , where r ∈ Z and W ∈ MB + 3 . Garside proved that in a given conjugacy class, C (with some exceptions, C is an infinite set), the set of numbers r such that ∆ r 3 W ∈ C has a least upper bound, exp(C). The summit set of a conjugacy class C is defined as SS(C) = {∆ r 3 W ∈ C| r = exp(C) } .
and this is a finite set. The set of elements W ∈ MB + 3 such that ∆ r 3 W ∈ SS(C) is called the base-summit set of the class C. In this way, Garside's [8] solution of the conjugacy problem is to compute exp(C) and the base-summit set: two elements in B 3 are conjugate if and only if their conjugacy classes have the same exponents and the same base-summit sets. It is easy to see that all the (positive) elements in a base-summit set have the same length and for two exponents which are congruent mod 2, the corresponding base summit sets coincide or are disjoint. So we will treat separately the two types of base summit sets: E-summit set corresponding to even exponents and O-summit sets corresponding to odd exponents.
Over the years, a lot of work has been done to replace the summit set for B n by a smaller set. Elrifai and Morton [7] introduced super summit set, a subset of summit set and still a conjugacy invariant.
V. Gebhart [13] found a smaller subset of summit set known as ultra summit set, which is also conjugacy invariant. Both super and ultra summit sets are great improvement in the sense that they reduce the size of the set which is a conjugacy invariant. K. Murasugi [11] gave seven different classes of B 3 (not in Garside normal form) and showed that an arbitrary word is conjugate to an unique element of these seven classes. Using band presentation of B 3 , P. J. Xu [9] described explicitly the normal and summit forms of words in B 3 and found a unique representative in the summit set of words (see §3).
In this paper we describe explicitly the words in classical generators which are:
(i) in the Garside normal form;
(ii) summit words (elements of summit set); (iii) super summit words (elements of super summit set); (iv) smallest summit words (smallest elements in a given summit set).
The results of Th 1 and Th 2 seem to be well known by the experts, but I could not find these statements in the literature.
Garside normal form of elements in B 3 are given by the following result:
is in the normal form if and only if :
(ii) h ≥ 3 and all the exponents are ≥ 2, with the possible exceptions of s 1 or s h .
The next result describes the elements of B 3 in summit sets: 
The following theorem describes the elements of B 3 in super summit sets:
is super summit word if and only if:
The smallest elements of B 3 in summit sets are described by the next theorem: ( See §2 for max-min condition). We also give in §2 an algorithm to compute this smallest element.
As an application in knot theory, in §3 we find the unique representative in the conjugacy classes according to Birman-Menasco [4, 5] classification of links with braid index ≤ 3 and invertibility of 3-closed braid.
Next we compute the number C n of base-summit sets containing elements W of length n; we denote the generating functions by H * (t) = 
where a = gcd(n, 2k), n = ac and 2k = ab.
(b) The Hilbert series of odd base-summit sets is given by
where a = gcd(n, 2k + 1), n = ac and 2k + 1 = ab.
Remark 1: Given a, b, c positive integers such that (b, c) = 1, and ab =even, we can reconstruct n and 2k.
Normal Form And Summit Set
The unique smallest word in the summit set of a given word V in B 3
can be described completely. A word in normal form is called summit word if it belongs to its summit set of its conjugacy class and it is called super summit word if it belongs to its super summit set. We have the the length-lexicographic order given by x 2 > x 1 ) in MB 3 . We use the
. . x ij used as in [2] . 
Proof of the Theorem 1: Let h ≥ 3 and s j ≥ 2 for 1 < j < h or
so W is unique in its diagram (see [8] for definition of diagram) and
is the normal form. If h ≥ 3 and there is a j satisfying 1 < j < h and
is divisible by ∆ 3 and we have a contradiction. In order to find the conjugacy class (and then the summit set) of the word ∆ r 3 W , Garside [8] proved that the conjugacy relation is generated by conjugations with the divisors of ∆ 3 : 
is normal form of a general word with s j ≥ 2 and i 1 = i h , then, for any A such that A ±1 ∈ Div the conjugate A∆ 2m 3 W A −1 has exponent < 2m or belongs to the set:
where
and
is normal form of a general word with s j ≥ 2 and i 1 = i h , then, for any A such that A ±1 ∈ Div the conjugate A∆ 2m 3 W A −1 has exponent < 2m + 1 or belongs to the set:
Proof. (a) This is just a mater of computation. One has to compute and verify A∆ 2m 3 W A −1 for all A ±1 ∈ Div. For example we verify A∆ 2m 3 W A −1 for A = x 1 : There are two cases (i) x i h = x 1 ; and (ii)
the exponent < 2m. Similarly it is true for all other A ±1 ∈ Div.
(b) We also verify A∆ 2m+1 3
W A −1 only for A = x 1 : There are again two
. And (ii) give us,
the exponent < 2m + 1.
For example the sets CSSS E and BSSS E for V = ∆ 4 3 x 4 2 x 2 1 are given as below:
The following Corollary is a consequence of the Lemma 2. 
Proof of the Theorem 2:
in B 3 be a summit word. Suppose that h ≡ r( mod 2) and
3 W 1 , but W belongs to a base-summit set so we obtain contradiction. The converse is true by Corollary 1. It is also easy to check that 
Definition 7. [7]
The number of
The subset of a summit set of a word known as super summit set is defined as:
(See [7] for more detail about left-canonical form and super summit set) 
where L = s h − (h − 1) and * ∈ {E, O}.
Proof. The description of BSSS * in Lemma 2 implies l s (W ) = h + 1.
W is written as a product of divisors of ∆ 3 as below: are super summit words.
Super summit set and ultra summit set are the same in B 3 [13] . Therefore the Theorem 3 is also valid for ultra summit words.
The following Corollaries are consequences of the above Lemma 3. The smallest summit word in the summit set of a general summit word
Corollary 2. The following are true for a general summit word
is found in the following way:
such that h ≡ r( mod 2).
step (1 
is the smallest.
Definition 8. The words obtained as out-puts of the previous algorithm
are said to satisfy max-min condition. Testing Conjugacy of Elements: Conjugacy of elements α and β of B 3 can be tested as follow:
Proof of the
Step 1. Write α and β in normal form:
Step 2. Check wether α and β are summit words or not according to Theorem 2. If they are not summit words then conjugate with A ±1 ∈ Div and increase the exponents, like Garside done in [8] .
Step 3. If the summit words of α and β have different exponents, then they are not conjugate. Otherwise find the Artin-invariants of both of them. If they have the same Artin-invariants then α and β are conjugates, otherwise not.
knots of braid index ≤ 3
Birman and Menasco [4, 5] 
In [9] P.J Xu defined a unique representative (Xu-invariant) in the summit set of a word following the band presentation given as:
where a 1 = x 1 , a 2 = x 2 and a 3 = x x 2 x 1 (0; (1)) 
(−p; (r, 2 p , q+1)) for r ≥ q+1 and (−p; (q+1, r, 2 p )) for r < q+1
(−q+1; (p, 2 q−1 , r)) for p ≥ r and (−q+1; (r, p, 2 q−1 )) for p < r
(−1; (p+1, q, r+1)) or (−1; (q, r+1, p+1)) or (−1; (r+1, p+1, q))
(−p; (r+2, 2 p−2 , q+1)) for r+1 ≥ q and (−p; (q+1, r+2, 2 p−2 )) for r+1 < q
(−q−1; (p+2, 2 q−1 , r+2)) for p ≥ r and ((−q−1; (r+2, p+2, 2 q−1 )) for p < r
(−r; (q+1, 2 r−2 , p+2)) for q ≥ p+1 and (−r; (p+2, q+1, 2 r−2 )) for q < p+1 
, | W |= n ≥ 3, be a smallest E-summit word; Theorem 4, the following are true:
(ii) for h = 1, there is only one smallest E-summit word:
Now we calculate the number of smallest E-summit words for a fixed k. First the cardinality of the following set of exponents 
C n,k , the set of non-periodic sequences of length b( a d ), up to cyclic permutations, has the cardinality given by
Hence the number of smallest E-summit words of length ≥ 3 1 +
Proposition 2. The number of smallest O-summit words of length W of length | W |= n ≥ 6 is given by (ii)
] k=1 e(n, k) ≤ 2 n−3 .
Proof. Since e(n, [ The inequality (2) holds for all n ∈ {8m, 8m + 1, · · · , 8m + 7} because
] is constant and for n < n ′ we have e(n, [ We have
] k=1 e(n, k) ≤ where |E(n, k, q)| = e(n, k, q). By definition c n,k,q is given by e(n,k,q) p .
We also know that e(n, k) = q|a e(n, k, q), where a = gcd(n, 2k) and 2k = qp. Therefore we have:
1 2k e(n, k) ≤ c n,k ≤ e(n, k).
The above inequality clearly shows that the coefficient C n of H E (t)
] k=1 e(n, k).
The result follows by Lemma 4. Similarly, it can be proved that H O (t) also grows exponentially.
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The computer program is available at [14] . This program is able to compute the following for arbitrary words in B 3 :
• Artin-invariant (or the smallest summit word)
• Garside Normal Form
• Summit word
• Test equality of two words.
• Test conjugacy of two words.
